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The finite reorient-time of swimmers leads to a finite run length ` and the kinetic accumulation
boundary layer on the microscopic length scale δ on a non-penetrating wall. That boundary layer
is the microscopic origin of the swim pressure, and is impacted by the geometry of the boundary
[Yan & Brady, J. Fluid. Mech., 2015, 785, R1]. In this work we extend the analysis to analytically
solve the boundary layer on an arbitrary-shaped body distorted by the local mean curvature. The
solution gives the swim pressure distribution and the total force (torque) on an arbitrarily shaped
body immersed in swimmers, with a general scaling of the curvature effect Πswim ∼ λδ2/L.
I. INTRODUCTION
The accumulation of swimming micro-organisms ad-
jacent to a boundary is often explained as a result of
hydrodynamic interactions with the boundary.[1] The ac-
cumulation may also result from steric effects where an
elongated bacterium cannot freely swim on a surface due
to geometric constraints with the wall.[2, 3] The accumu-
lation and the resulting wall-swimmer interactions show
very interesting behavior, including rheotaxis[4, 5] and
circular motion.[6] Also, because of this interaction a
macroscopic body may be able to harvest energy from
a bacterial solution and achieve net motion simply due
to its asymmetric shape.[7]
In fact, active swimmers need not be elongated nor
interact hydrodynamically with a surface to exhibit this
boundary accumulation.[8, 9] It may be simply due to
the fact that when a swimmer hits a wall, it maintains
its swim orientation towards the wall for a finite time
τR. In contrast, swimmers pointing away from the wall
simply swim away. Thus, there is an accumulation of
swimmers adjacent to a surface with a net orientation
towards the boundary. This phenomena can be under-
stood and quantitatively described by the Active Brown-
ian Particle (ABP) model. Each ABP propels itself at a
fixed swim velocity U swim = U0q, where U0 is its (con-
stant) swim speed, and its orientation, q, is subject to
rotational Brownian diffusion DR = 1/τR, which sets the
reorientation time τR. In general, ABPs are also sub-
ject to translational Brownian motion characterized by a
diffusivity DT = kBT/ζ, where ζ is the (isotropic) drag
coefficient and kBT is the thermal energy.
When an ABP is stuck on a wall, it transmits to
the wall its swim force −ζU0q · n because it cannot
cross the boundary; here n is the wall surface normal
∗ wyan@flatironinstitute.org
† jfbrady@caltech.edu
‡ Current Address: Center for Computational Biology, Flatiron
Institute, Simons Foundation
vector. That force accumulates over time and space,
and the net effect constitutes a pressure on the wall.
That simple process is precisely the microscopic origin
of the ‘swim pressure’.[10] In the absence of hydrody-
namic interactions for a ‘hard’ wall, Yan and Brady [11]
showed that the pressure of ABPs arises from a natu-
ral extension of the pressure of Passive Brownian Parti-
cles (PBP): Πwall = kBTnwall, where nwall is the num-
ber density of particles at the wall. Due to this ki-
netic boundary accumulation nwall = n
∞(1 + 16 (`/δ)
2),
where n∞ is the constant number density far from the
wall, ` = U0τR is the run length of the active parti-
cles and δ =
√
DT τR is a microscopic length. The ra-
tio 16 (`/δ)
2 = ksTs/kBT = D
swim/DT , with the ‘swim’
diffusivity Dswim = U20 τR/6 (in 3D). Thus, the pres-
sure at the wall Πwall = kBTnwall = (kBT + ksTs)n
∞
is the sum of the passive Brownian osmotic pressure,
Πosm = kBTn
∞ = ζDTn∞, and the swim pressure,
Πswim = ksTsn
∞ = ζDswimn∞ = ζ(U20 τR/6)n
∞. Here,
ksTs = ζU
2
0 τR/6 defines the ‘activity’ of the swimmers
and in certain situations plays a role analogous to the
thermal energy kBT of passive particles.[12]
Yan and Brady [11] showed for ABPs that this wall
accumulation occurs over a microscopic length λ−1 =
δ/
√
2[1 + 16 (`/δ)
2], leading to a concentration boundary
layer adjacent to the surface. The boundary concentra-
tion, nwall, can be determined for various geometries by a
moment expansion method,[13] and including high order
moments is usually not necessary.[11] The results nat-
urally encompass the singular limit δ → 0, which ap-
plies when there is no translational Brownian motion,
DT → 0.[9, 14]
It has been shown that the boundary layer is signifi-
cantly impacted by the boundary curvature.[11, 14, 15]
Therefore, by careful design of the variation of the bound-
ary curvature, an asymmetric macroscopic body im-
mersed in ABPs can achieve a net force[11] and therefore
motion. However, a general theoretical understanding of
the role of boundary curvature is lacking. And, impor-
tantly, the connection between the inner boundary-layer
structure and the ‘outer’ bulk concentration field is un-
ar
X
iv
:1
71
1.
01
45
0v
1 
 [c
on
d-
ma
t.s
of
t] 
 4 
No
v 2
01
7
2known.
In this work, we extend the analysis of Yan and Brady
[11] to an arbitrary shaped smooth body with continuous
principal curvatures when the body size L is much larger
than both the microscopic length δ and the run length
`, i.e. δ, `  L. In Section 2 we start from the Smolu-
chowski equation for ABPs with its moment-hierarchy
expansion, and discuss the separation of scales in the
governing equation by presenting a general solution to
the Smoluchowski equation.
In Section 3 we perform a boundary-layer analysis of
the Smoluchowski equation to reveal the leading order
effects of curvature. In the boundary layer, the inner
solution is found by building a local curvilinear coordi-
nate system with the principal directions of curvature.
We then match the inner solution to the outer solution
to calculate the net force on an arbitrary shaped body.
At the leading, zeroth order, curvature does not enter
and the swim pressure everywhere on the surface of the
body is simply n∞ksTs. In this is the ‘continuum limit’
there is no net force, just like an arbitrary shaped body
in the atmosphere feels a constant pressure everywhere
and therefore experiences no net force.
In the leading order effects of curvature, only the mean
curvature appears. Therefore without considering vari-
ations of curvature along the body surface, there is no
tangential flux of swimmers in the boundary layer, and
by continuity of the swimmer number density, the outer
solution has a no flux boundary condition and is found
to be a constant nout = n
∞. At this order the ef-
fects of curvature on the swim pressure is found analyt-
ically to scale as (JSλδ
2/L)n∞ksTs everywhere on the
body when λδ2/L  1, where JS is twice the (non-
dimensionalized) mean curvature. The leading order
net force, F net ∼ ksTs
∮
noutJSndS, vanishes because
nout = n
∞ is a constant and the geometric integral∮
JSndS vanishes for a body with a smooth shape. Thus,
when λδ2/L 1 the net force applied by swimmers on an
arbitrary shaped body scales quadratically with λδ2/L:
F net ∼ O(λδ2/L)2n∞ksTsL2.
In Section 4 the analytical solutions are compared to
particle-tracking simulations and direct numerical solu-
tions to the Smoluchowski PDE. Both simulations and
PDE solutions suggest a universal scaling not limited
to λδ2/L  1 for the net force: Fnet/ (n∞ksTsL) =
f
(
λδ2/L
)
, where f(x) is a dimensionless function. The
quadratic scaling F net ∼ O(λδ2/L)2n∞ksTsL2 when
λδ2/L  1, or f(x → 0) ∼ O(x2), is verified by
both simulations and PDE solutions. When λδ2/L ∼ 1,
the effects of curvature still scale with this parameter,
but show a linear dependence for the force, F net ∼
O(λδ2/L)n∞ksTsL2, or f(x) ∼ O(x) for x ∼ 1.
In Section 5 we discuss the effects of curvature for
different ratios of the three lengths δ, ` and L. When
λδ2/L  1, the net force F net scales quadratically with
λδ2/L due to the disappearance of curvature variations
as explained above. When λδ2/L ∼ 1, i.e. ` ∼ L, the
quadratic dependence is no longer valid because the ex-
pansion in curvature must be continued to a higher order
than what we performed in Section 3 to include the ef-
fects of the variations of the principal curvatures. When
this variation is considered, in the inner region a tangen-
tial flux may appear and due to the continuity of swim-
mer number density a net flux of swimmers towards the
boundary may appear in the outer region, and therefore
the outer solution nout is no longer a constant. As a re-
sult a linear dependence of F net on λδ2/L may appear.
We then discuss the connection of this boundary-layer
theory to a continuum mechanics point of view[8] in an
analogy to rarefied gas dynamics, and a formulation nec-
essary to construct the general exact solution to the num-
ber density n and polar order m fields with an arbitrary
shaped body. We conclude this work with a brief dis-
cussion including hydrodynamics into this pure kinetic
boundary-layer analysis.
In this work we only consider a uniform number density
and random orientation far from the body. When these
restrictions are relaxed, as for example when there is a net
directed swimming motion of the active particles, even a
spherical body can experience a net force and therefore
motion.[16]
II. PROBLEM FORMULATION
The behavior of ABPs depends on (at least) three char-
acteristic lengths: (i) the macroscopic length scale L of
the body, (ii) the run length ` = U0τR, and (iii) a micro-
scopic length δ =
√
DT τR, where DT is the translational
diffusivity of the active particles (see Figure 1). When the
reorientation process is due to rotary Brownian motion,
the microscopic length is proportional to the active par-
ticle size, δ =
√
4/3a for spherical ABPs. For a typical
swimming micro-organism or a synthetic Janus particle,
τR ∼ 1 s , δ ∼ 1 µm, and ` ∼ 1− 10 µm.
The probability density for finding an active particle
at position x with orientation q at time t relative to
the macroscopic body is governed by the Smoluchowski
equation:
∂P (x, q, t)
∂t
+∇ · jT +∇R · jR = 0 . (1)
In the dilute limit, which we consider here, the transla-
tional and rotational fluxes are are given by
jT = (U0q −DT∇ lnP )P , (2)
jR = −DR∇RP , (3)
where ∇R = q × ∇q is the orientational gradient
operator.[17] For a spherical swimmer of radius a in
a Newtonian solvent of viscosity η, ζ = 6piηa, DT =
kBT/ζ, DR = 1/τR = kBT/8piηa
3 and δ =
√
DT /DR.
In this paper we develop a general theory, and thus allow
both DT and DR to be arbitrary.
At a boundary, ABPs cannot cross the surface and
thus the normal component of the translational flux must
3FIG. 1. The formation of the boundary layer on the body
surface. When a swimmer comes to the surface, it transmits
a force of F = −ζU0 · n to the boundary. The swimmers
form an accumulation boundary layer with thickness on the
order of δ =
√
DT τR. The inner solution is solved in the
local coordinate system q⊥, q2, depending on the local body
curvature. The definition of the local curvature is shown in
Figure 2.
vanish:
n · jT = 0 . (4)
Far from the body at infinity, we assume the swimmers
are unperturbed with uniform number density n∞ with
an unbiased orientation distribution.
The conservation equations for the zeroth and first mo-
ments of the Smoluchowski equation are:[13]
∂n
∂t
+∇ · jn = 0, jn = U0m−DT∇n , (5)
∂m
∂t
+∇ · jm + 2DRm = 0, jm = U0Q+ 1
3
U0n I −DT∇m ,
(6)
where m(x, t) =
∫
qP (x, q, t)dq is the polar order field,
andQ(x, t) =
∫
(qq− 13I)P (x, q, t)dq is the (zero-traced)
nematic order field. The hierarchy can be continued to
include an equation for jQ, allowing spatial variation of
the nematic order. It has been shown[11] that includ-
ing a nematic order does not significantly improve the
boundary-layer solution. The wall introduces an asym-
metry that is either towards or away from the wall, and
therefore the polar order is the most important moment.
Including higher moments only slightly improves the so-
lution in the limit of ` δ and ` ∼ L.
To understand the structure of the problem and the
appearance of a screening length and boundary layer, we
non-dimensionalize the equations with the macroscopic
length scale L and consider the steady state only:
∇ˆ · jn = 0 , (7)
∇ˆ · jm + 2m = 0 , (8)
with fluxes:
jn =
`
L
m− δ
2
L2
∇ˆn , (9)
jm =
`
3L
nI − δ
2
L2
∇ˆm , (10)
where ˆ denotes non-dimensionalization with L. The
truncation Q = 0 allows a simple mathematical manip-
ulation: Setting f = ∇ˆ ·m, taking the divergence of (8)
and eliminating ∇ˆ2n with (7), we have(
∇ˆ2 − λ2L2
)
f = 0 , (11)
∇ˆ2n = L`
δ2
f , (12)
where
λ =
√
2
[
1 + 16 (`/δ)
2
]
/δ (13)
is the inverse screening length.[11]
Equation (11) is a homogeneous Helmholtz equation,
which has a ‘screened’ – exponentially decaying – solu-
tion. Since we know in free space far from the body
n = n∞ = const, m = 0, and f∞ = 0, and therefore f
must decay exponentially on the scale λL away from the
boundary.
Equation (12) is an inhomogeneous Laplace equation,
and the solution can be decomposed into a homogeneous
general solution nH and an inhomogeneous particular so-
lution nP :
n = nH + nP , (14)
∇ˆ2nH = 0, ∇ˆ2nP = L`
δ2
f . (15)
Therefore, we know that nH decays algebraically, e.g. as
1/r, governed by Laplace’s equation, and nP decays at
the same rate as f (= ∇ˆ ·m).
Once we know n = nH +nP , we can substitute it back
into the equation to solve for m:
δ2
L
∇ˆ2m− 2m = `
3L
∇n . (16)
Again, due to the structure of this inhomogeneous
Helmholtz equation, m can be decomposed into a ho-
mogeneous general solution and a particular solution de-
pending on ∇n; m = mH +mP , and
δ2
L2
∇ˆ2mP − 2mP = `
3L
∇ˆn , (17)
δ2
L2
∇ˆ2mH − 2mH = 0 . (18)
With some mathematical construction, we can explic-
itly calculate the particular solutions nP and mP , which
are:
nP =
`
δ2λ2L
∇ˆ ·m , (19)
mP =
1
λ2L2
∇ˆ(∇ˆ ·m)− `
6L
∇ˆnH , (20)
4The particular solution mP contains the long-ranged
part depending on ∇ˆnH .
To summarize, the general structure of the problem is:
• f = ∇ˆ ·m exponentially decays as exp (−λLrˆ) .
• nH is long ranged as n∞ +O(1/rˆ) .
• nP ∼ f and decays exponentially as exp (−λLrˆ) .
• mH decays exponentially as exp (−Lrˆ/δ) .
• mP contains both an exponential exp (−λLrˆ) and
a long ranged, O(1/rˆ2), component.
The general structure of the solution shows that as
long as δ  L there will be a region near the body with
rapid decay of part of the concentration and polar order
fields. The solutions can thus be split into an (exponen-
tial) inner region and an O(1/rˆ) outer region. Only nH
(and the corresponding component inmP ) extends to the
outer region and is governed by Laplace’s equation (12).
Inside the boundary layer, due to the separation of scales,
the outer solution nH can be considered as linear or even
a constant. The inner region is attached to the body
surface and can be considered as an 1D (curved) bound-
ary layer. After the boundary layer is solved, it serves
as the boundary condition for Laplace’s equation in the
outer region. The final solution can then be determined
by matching the flux between those two regions, which is
a standard boundary-layer approach.
From the definition of λ in (13), when ` ∼ δ, we have
λ ∼ 1/δ and nP and mH decay at comparable rates.
When `  δ, we have λ ∼ `/δ2  1/δ, and nP de-
cays much faster than mH . In this case, the inner region
of thickness δ further splits into two regions of different
scales, and forms ‘a boundary layer inside a boundary
layer.’ Our analysis in the following section, however, is
general and applies to both cases. The ‘boundary layer’
includes the exponential part of the solution, and the
portion of the slowly decaying part of the solution that
is located within the thin layer. As we shall see later,
the slowly decaying part inside the boundary layer is ap-
proximated as a linear function. In sum, we shall solve
the boundary layer structure with the assumption that
δ  L and `  L, but we do not specify the relation
between δ and `. Our analytical solution requires both δ
and ` to be much smaller than L because of the curvature
expansion we develop inside the boundary layer is only
valid in this limit. The regime ` ∼ L requires a mathe-
matically formidable high order expansion in curvature,
which will become clear in the next section (cf. (25)).
III. ANALYTICAL SOLUTION
Inside the boundary layer, the solution depends on the
local geometry only. We split the solution into an inner
region, (nin,min), and an outer region, (nout,mout). All
lengths are scaled with the macroscopic length L. As
discussed in the last section, the outer region is governed
by Laplace’s equation:
∇ˆ2nout = 0 , (21)
while in the inner region we solve the full equations, start-
ing with (11). For a flat boundary with vanishing curva-
ture (κ1 = κ2 = 0 in the notation below), the boundary
layer has been solved.[11] Inside the boundary layer, we
rescale the coordinate normal to the flat plate, q⊥, as
Z = q⊥/ (δ/L) = q⊥/, where  = δ/L → 0, and the
solution is:
f0
n∞
=
`L
δ2
6δ2 + `2
18δ2
e−λδZ , (22a)
n0
n∞
= 1 +
`2
6δ2
e−λδZ , (22b)
m⊥,0
n∞
= −`λ
6
e−λδZ , m‖,0 = 0 , (22c)
where the subscript 0 means zero curvature of the wall.
For a flat wall geometry, the outer solution is simply
nout = n
∞ = const and the pressure exerted on the flat
wall by the active particles is
Πwall = nwallζDT =
(
1 +
`2
6δ2
)
n∞ζDT ,
= ζn∞
(
DT +D
swim
)
= n∞ (kBT + ksTs) . (23)
For a body of any shape, to zeroth order in the body cur-
vature, i.e. to leading order in δ/L (and in `/L since there
is no macroscopic length for the 1D flat plate; L → ∞),
the above concentration profile holds and the pressure
on the body is the same everywhere on its surface. The
net force on any body given by this homogeneous pres-
sure is zero, just as a macroscopic body submersed in
the atmosphere does not experience a net force from the
homogeneous isotropic atmospheric pressure. For a clas-
sical ideal gas, the pressure on a boundary would deviate
from the ideal gas limit when the mean free path is com-
parable to the macroscopic body length. For ABPs, the
pressure is applied to the body surface through the for-
mation of the kinetic boundary layer, and there are two
length scales, δ and `, related to this boundary layer. So
the pressure would deviate from the isotropic swim pres-
sure, n∞ (kBT + ksTs), when either δ or ` is comparable
to the body’s macroscopic size. With the boundary-layer
analysis we find the correction to the swim pressure on
the wall appears at the order λδ2/L.
The boundary-layer thickness is governed by the mi-
croscopic length δ =
√
DT τR, and therefore we must im-
prove upon the zero-curvature solution in order to find
the conditions for a net force on a body. We build a local
curvilinear coordinate system as shown in Figure 2. The
arbitrary curved surface is represented by a second or-
der curvature (mathematically, the second fundamental
form). Coordinate axes q1, q2 are attached to the curva-
ture surface along the two principal curvature directions
and q⊥ is aligned with the normal vector n. We can
assume that locally q1, q2, q⊥ are orthogonal.
5FIG. 2. The local representation of an arbitrary curved sur-
face. The two principal curvature directions are located in
the two perpendicular planes. The local curvilinear coordi-
nate system q1, q2, q⊥ is built on the surface, where locally it
is orthogonal. q⊥ aligns with the normal vector n pointing
toward the outside of the shape at that point. The sign of
principal curvatures κ1 and κ2 follows the convention shown
here.
In the curvilinear coordinate system, the Cartesian
nabla operator ∇ˆ in (11) is replaced by the curvilinear
nabla operator ∇ˆ∗ (cf. the Appendix). Here the ˆ sign
also means that these operators are non-dimensionalized
by the macroscopic length L, which is the same for the
curvature κ: κˆ = Lκ. The details of this curvilinear
nabla operator can be found in the Appendix, and to
leading order, O(κˆδ/L), we need only consider a con-
stant JS = 2H, where H =
1
2 (κˆ1 + κˆ2) is the mean (non-
dimensionalized) curvature. Also, the first order effects
give only a correction in the normal direction; the solu-
tion in the tangential direction appears at second order.
Here we consider a smooth body and assume the cur-
vature κˆ ∼ O(1) everywhere. If there is some non-
smoothness, for example, a sharp tip on the body, the
curvature κˆtip → −∞, and the boundary-layer assump-
tion is no longer valid there, so a leading order curvature
solution is not sufficient. Physically, swimmers with ori-
entation q 6= −n have a tangential swim velocity and
are able to easily leave the sharp tip; this is also true for
a passive particle with significant translational diffusiv-
ity DT . Therefore, the kinetic accumulation on a sharp
tip is very weak, and the pressure there significantly de-
creases with more negative curvature.[11] However this
local curvature argument is only applicable to the inner
boundary layer solution, which will become clear after
we reach the solution (48) and (49). We will revisit this
issue in Section 4 with the example in Figure 3.
A. Inner solution
In the boundary layer, we denote the number density
at the top of the boundary layer as ntop, which is the
local value of the outer solution and is not necessarily
a constant as is n∞. The governing equation for f in
curvilinear coordinates is(
∇ˆ2∗ − λ2L2
)
f = 0 , (24)
which becomes(
−JS ∂
∂q⊥
+
∂2
∂q⊥2
− λ2L2
)
f = 0 , (25)
where JS ∼ O(κˆ) ∼ O(1). Inside the boundary layer we
rescale the perpendicular coordinate as Z = q⊥/, where
 ∼ δ/L 1 and Z ∼ O(1). Thus, (25) becomes(
−JS ∂
∂Z
+
∂2
∂Z2
− λ2δ2
)
f = 0 . (26)
Note that here by taking the leading order curvature ex-
pansion of the operator ∇ˆ∗, we assumed that `  L.
Otherwise if ` ∼ L, λ2L2 scales as (L/δ)4 and the lead-
ing order curvature expansion is not sufficient. We will
see that this restriction `  L naturally appears in the
parameter λδ2/L in the final result of this boundary-layer
analysis.
The leading order effects of the curvature are captured
by the asymptotic expansion:
f = f0 + f1 + ... (27)
n = n0 + n1 + ... (28)
m⊥ = m⊥,0 + m⊥,1 + ... , (29)
where the leading order f0, n0 and m⊥,0 are just the flat
surface solution (22). We show later that m‖ remains
zero at this order.
From the governing equations we see that if `/δ ∼
O(1), then f0/ntop ∼ L/δ, n0/ntop ∼ O(1), m⊥,0/ntop ∼
O(1). If, however, `  δ, then f0/ntop ∼ `3L/δ4,
n0/ntop ∼ `2/δ2, and m⊥,0/ntop ∼ `2/δ2, which are not
on the same order due to the different prefactors in (22).
Thus, we need to be careful when going to the next order
to maintain these scalings.
At first order(
∂2f1
∂Z2
− λ2δ2f1
)
= JS
∂f0
∂Z
, (30)
with solution
f1
ntop
= C1e
δλZ + C2e
−δλZ
+
1
12
`JSλ
2LZe−δλZ +
`JsλL
24δ
e−δλZ , (31)
where C1 and C2 are constants to be determined. As
discussed in the last section, f is screened so all compo-
nents of f1 are exponential. We require C1 = 0 because
an exponentially growing term is not possible.
6With f1 we can then solve for the first curvature cor-
rection n1:
∂2n1
∂Z2
=
`
L
f1 + JS
∂n0
∂Z
, (32)
with solution:
n1
ntop
=
C1`e
δλZ
δ2λ2L
+
C2`e
−δλZ
δ2λ2L
+ C3 + C4Z
+
`2JSe
−δλZ
24δ3λ
+
`2JSZe
−δλZ
12δ2
. (33)
The last step is to solve for m⊥:
−JS ∂m⊥,0
∂Z
+
∂2m⊥,1
∂Z2
− 2m⊥,1 = `
3L
L
δ
∂n1
∂Z
, (34)
with solution
m⊥,1
ntop
=
C1e
δλZ
λL
− C2e
−δλZ
λL
− 1
12
`JSλZe
−δλZ
+
`JSe
−δλZ
24δ
− `
6δ
C4 . (35)
Note that the solution for m⊥,1 agrees with the require-
ment that f = ∇ˆ∗ ·m.
The parallel component of the polar order m‖ remains
zero at first order, since the curvature expansion of ∇ˆ∗
in (25) only involves the perpendicular direction and the
zero-th order m‖ is zero. Physically this is because to
leading order in curvature, the variation of curvature is
ignored and no tangential flux can appear.
The structure of f1, n1 and m⊥,1 follows the separation
of scales as discussed in the last section. Particularly, the
C3 + C4Z part in n1 represents the long-range solution
nH . The −`C4/(6δ) part in m⊥,1 is the long-ranged part,
−`∇ˆnH/(6δ), in mP . Inside the thin boundary layer,
the variation of nH is slow, and is simplified to a linear
function of Z in the first order solution for n1.
B. Satisfying the boundary condition & flux
First, the exponentially growing part C1 must be zero.
On the surface Z = 0, the non-penetrating boundary
condition is:
jn · nZ = `m⊥ − δ
2
L
L
δ
∂n
∂Z
= 0 , (36)
jm · nZ = n
3
`− δ
2
L
L
δ
∂m⊥
∂Z
= 0 . (37)
1. The boundary condition on jn:
jn · nZ = `
(
m⊥,0 +
δ
L
m⊥,1
)
− δ
2
L
L
δ
∂
∂Z
(
n0 +
δ
L
n1
)
,
= −C4δ
2
L
ntop , (38)
which is a constant. To satisfy the boundary condition
jn · nZ = 0, C4 must be zero. The perpendicular com-
ponent of the flux jn,⊥ = jn · nZ = 0 throughout the
boundary layer. Therefore by the continuity of flux from
the outer to the inner solution, this zero-flux boundary
condition is also the boundary condition for the outer
problem ∇ˆ2nout = 0.
2. The boundary condition on jm:
By setting jm · nZ = 0 at Z = 0 in (35), we find:
C2 = C3
`L
(
6δ2 + `2
)
18δ4
+
`JSL
(
9δ2 + 2`2
)√
`2
δ2 + 6
72
√
3δ4
,
(39)
where C3 is found by matching to the outer solution for
n1:
n
ntop
→ 1
ntop
[
n0(Z →∞) + δ
L
n1(Z →∞)
]
= 1 +
δ
L
C3 .
(40)
3. Divergence of the translational flux ∇ · jn:
This is not a boundary condition, but we demonstrate
that at steady state it is zero, as required by the govern-
ing equation (5). The two leading orders to the flux jn
are:
∇ˆ∗ · jn = `L
δ
∂m⊥,0
∂Z
− L∂
2n0
∂Z2
+ `
(
−JSm⊥,0 + ∂m⊥,1
∂Z
)
− δ
(
∂2n1
∂Z2
− JS ∂n0
∂Z
)
,
(41)
and we have that m⊥,0 =
δ
`
∂n0
∂Z
; therefore,
∇ˆ∗ · jn = `
(
∂m⊥,1
∂Z
)
− δ
(
∂2n1
∂Z2
)
. (42)
From the solutions (33) and (35), ∇ˆ∗ · jn = 0 everywhere
inside the boundary layer, as required by the governing
equations.
C. The continuity of jn,⊥ and the boundary
condition on nout.
As discussed in the previous section, the solution for
n can be decomposed into a homogeneous, nH , and a
particular, nP , solution. From the boundary-layer per-
spective, nH obeys Laplace’s equation and is the outer
7solution nout. Thus, in the outer region,
∇2nout = 0 , (43)
nout(rˆ →∞) = n∞ , (44)
boundary condition: jn,⊥ = jn · n = 0 . (45)
According to (9) and (19), in the outer region m =
−`∇ˆnH/(6L), and therefore:
jn =
`
L
mP − δ
2
L2
∇ˆnout = − `
L
`
6L
∇ˆnout − δ
2
L2
∇ˆnout,
∼ − (Dswim +DT )∇nout = 0 , (46)
which then gives the boundary condition on the outer
region ∇ˆnout ·n = 0. By the uniqueness of the Laplace’s
equation subject to Neumann boundary condition, nout
is simply:
nout = const = n
∞ . (47)
The outer solution is a constant everywhere, and so at the
top of the boundary layer ntop = n
∞ and C3 = 0. The
inner solutions are given in (33) and (35), which decay
exponentially away from the surface and scale as n∞.
IV. RESULTS
A. Analytical results
With the solution ntop = n
∞ and (33) and (35), we
can calculate the swim pressure exerted by the kinetic
boundary layer everywhere on an arbitrary shaped body
with Πwall = ζDTnwall:
nwall = n0(Z = 0) +
δ
L
n1(Z = 0),
= n∞
[
1 +
`2
6δ2
+
`2λ
12L
JS
]
. (48)
Thus to first order in the curvature JS we have:
Πwall = n
∞ζDT + n∞ζDswim
(
1 +
λδ2
2L
JS
)
,
= n∞kBT + n∞ksTs
(
1 +
λδ2
2L
JS
)
. (49)
For passive Brownian particles Dswim = 0 and Πwall is
not affected by the curvature JS as must be the case. For
swimmers, the swim pressure is affected by the curvature
and scales as JSλδ
2/(2L).
In the limit of fast swimmers ` δ, the inverse screen-
ing length λ→ `/(√3δ2), and:
nwall
n∞
→ 1 + `
2
6δ2
[
1 +
1
2
√
3
`
L
(κˆ1 + κˆ2)
]
. (50)
In this regime the swim pressure becomes:
Πwall → n∞kBT + n∞ksTs
[
1 +
1
2
√
3
`
L
(κˆ1 + κˆ2)
]
,
(51)
where κˆ1 and κˆ2 are the two signed non-dimensional prin-
cipal curvatures. This result agrees with our previous
study of swimmers outside a sphere.[11] The signed cur-
vatures κˆ1 and κˆ2 follow the sign convention in Figure 2,
and therefore the pressure on the boundary decreases as
the sphere decreases in size. It is also consistent with the
behavior in the singular limit of no translational Brown-
ian motion DT → 0,[14, 15] where the pressure depends
only on the ratio of run length to the macroscopic length
and curvature κˆ`/L.
The above analytical solutions to leading order apply
when the microscopic length δ and the run length ` are
both much smaller than the macroscopic body length L,
and therefore they are accurate only to the O(δ/L) and
O(`/L). The derivation shows that the correct small pa-
rameter that encompasses both of these limits is λδ2/L:
when ` ∼ δ : λδ2/L ∼ δ/L , (52a)
when ` δ : λδ2/L ∼ `/L , (52b)
Therefore our analysis applies to leading order in λδ2/L
as shown in (48), which we verify below by comparison
to simulation data.
Equation (49) gives the pressure distribution every-
where on an arbitrary shaped body. With a surface inte-
gration, we get the net force and torque on the body.
Clearly, integration of the constant part of pressure,
n∞ (kBT + ksTs), does not give a net force or torque,
and thus to leading order:∮
ΠswimdS = n∞ksTsL2
∮ (
1 +
λδ2
2L
JS
)
dSˆ , (53a)
F net = n∞ksTsL2
∮
−λδ
2
2L
JSndSˆ , (53b)
Lnet = n∞ksTsL2
∮
−λδ
2
2L
JSr × ndSˆ . (53c)
Here,
∮
ΠswimdS is a scalar ‘total’ integration of the
swim pressure on the body, which is of no dynamic im-
portance, but it can be easily measured from particle-
tracking Brownian dynamics simulations and will help to
verify the boundary-layer solution. The net force and
torque, F net and Lnet, arise solely from the asymmetric
body shape.
Equation (53) involves the pure geometric integral of
JSn over the body surface. By definition:
JS = 2H = (κˆ1 + κˆ2) = −∇ˆ · n . (54)
And it is well-known that for a smooth closed simply-
connected surface: ∮
(∇ · n)ndS = 0 . (55)
8Therefore, we conclude that to first order in O(λδ2/L):
F net = 0 , (56)
For a smooth body of arbitrary shape a net force can
only appear at O(λδ2/L)2.
Since to first order F net = 0, this means that the
torque is a force couple that does not depend on the
choice of the origin of the torque. If we shift the torque
moment center by r0 in (53c), then:
Lnet0 = n
∞ksTsL2
∮
−λδ
2
2L
JS(r + r0)× ndSˆ ,
= r0 × F net +Lnet = Lnet . (57)
This equality holds at leading order in λδ2/L. However,
we are not able to get a general result as in the case for
F net, because we are not aware of a general mathemat-
ical answer for the geometric integral
∮
JSr × ndSˆ. We
suspect, however, that the torque is also zero to leading
order.
B. Verification
To verify our analytical solution, especially the surpris-
ing result that to leading order the net force is zero, we
performed Brownian dynamics simulations with ABPs
and also numerically solved the PDEs, (7) and (8), with
a Finite Element solver. The simulations require as many
as 40, 000 particles and times as long as 3000τR to cap-
ture the very weak signal of F net in the large amount
of Brownian noise. Also the Finite Element solver is ex-
pensive to solve due to the very thin boundary layer on
the small scale δ. Thus, we performed simulations and
numerical solutions in a 2D geometry for ABPs with 2D
in-plane rotations.
In the 2D case, the boundary-layer analysis gives the
same results only with a quantitative change due to the
2D reorientation:
n2Dwall
n∞
= 1 +
`2
2δ2
+
`2λ′
L
J ′S , (58)
where J ′S = κˆ is simply the (non-dimensional) curvature
of the 2D curved boundary. For a curved boundary in
2D, there is only one curvature and there is no need to
define a ‘mean curvature’ H. The 2D inverse screening
length now becomes[11] λ′ =
√(
1 + 12 (`/δ)
2
)
/δ, and to
leading order in λ′δ2/L the 2D swim pressure (or tension)
is:
Π2Dwall = n
∞ζDT + n∞ζDswim
(
1 +
λ′δ2
L
J ′S
)
,
= n∞kBT + n∞ksT ′s
(
1 +
λ′δ2
L
J ′S
)
, (59)
where ksT
′
s = ζU
2
0 /(2DR). Also in the limit of `  δ,
similar to the 3D case (51), the perturbation to the swim
pressure scales as `/L:
Π2Dwall → n∞kBT + n∞ksT ′s
(
1 +
`√
2L
J ′S
)
. (60)
This is consistent with the previous solution for active
swimmers inside and outside a circle.[11]
The net force and torque become:∮
ΠswimdL = n∞ksT ′sL
∮ (
1 +
λ′δ2
L
J ′S
)
dLˆ , (61a)
F net = n∞ksT ′sL
∮
−λ
′δ2
2L
J ′SndLˆ , (61b)
Lnet = n∞ksT ′sL
∮
−λ
′δ2
2L
J ′Sr × ndLˆ . (61c)
As before, F net = 0 to first order in the curvature.
Actually, in 2D we can further simplify (61a) as a spe-
cial case of Gauss-Bonnet theorem for a smooth 2D sim-
ple curve: ∮
κdLˆ = −2pi , (62)
where the negative sign appears due to our sign conven-
tion as illustrated in Figure 2. Mathematically speaking,
the ‘total curvature’ is −2pi for a closed immersed plane
curve. Hence,∮
ΠswimdL = n∞ksT ′sC
(
1− 2piλ
′δ2
C
)
, (63)
where C is the circumference of the 2D shape (on the
scale of the macroscopic length L).
The 2D Brownian dynamics simulation is done with
the discretized Langevin equation of ABPs, with its ori-
entation q = (cos θ, sin θ):
∆X = U0q∆t+ ∆X
B + FC/ζ∆t, (64)
∆θ = ∆θB , (65)
and 〈∆XB〉 = 0, 〈∆XB∆XB〉 = 2DT∆t, 〈∆θB〉 = 0,
and 〈∆θB∆θB〉 = 2DR∆t. Particle-particle collision is
ignored as that effect is not included in the dilute kinetic
boundary-layer solution. The ABPs have radii a, and the
swimmer-body collision force FC is applied through an
excluded volume interaction at the contact line calculated
with the potential-free algorithm.[11, 18] Due to the finite
ABP radius a, the effective body shape is the original
body shape plus a excluded volume layer of size a. The
effective body shape is used in all data we present.
The body shape we have chosen is shown in Figure 3.
We purposely constructed the body shape out of four
circular arcs to simplify the algorithm and to minimize
the numerical error in the contact detection process in
the simulations. For each combination of δ and L, we
vary `/δ ∈ (1, 10) to cover both cases δ ≈ ` and δ  `.
9FIG. 3. The number density n/n∞ for two cases. The length
scale L is set as the curvature radius of the concave part of the
shape, and the convex part has a curvature radius 2L. The
concave and convex arcs are connected by two semicircular
arcs to ensure that the shape is smooth everywhere. On the
left, λ′δ2/L = 1/(2
√
6) ≈ 0.204, and the outer solution nout =
const = n∞ holds. On the right, λ′δ2/L =
√
3/8 ≈ 0.612,
and the outer solution nout = const = n
∞ is invalid. The left
case is in the O(δ/L)2 regime (Figure 5), while the right case
is in the linear regime.
Here we choose the inner radius of the shape as the
macroscopic length scale L, and for the shape we used the
circumference C = 3piL. Equation (63) for the integral
of the pressure becomes a straight line for this shape:∮
ΠswimdL
n∞ksT ′sC
= 1− 2
3
λ′δ2/L . (66)
Figure 4 compares (66) with simulation results and the
Finite Element PDE solutions. The theoretical expres-
sion applies for δ  L and `  L and works well in the
limit λ′δ2/L 1 as seen in Figure 4.
Next, we compare the theoretical estimate of the net
force with the simulation results in Figure 5. From (59)
and the definition of the sign of the curvature in Fig-
ure 2, a dent in the body would increase the swim pres-
sure while a bump on the body would decrease it. There-
fore, the shape shown in Figure 5 experiences a net force
to the right. Because F net vanishes to the leading or-
der in λ′δ2/L, asymptoticly a quadratic scaling emerges:
F net ∼ O(λ′δ2/L)2. This is verified by the results shown
in Figure 5. Note that the simulations and numerical so-
lution show that the data collapse according to the pre-
dictions of the boundary-layer theory even when λ′δ2/L
is not small. That is,
Fnet
n∞ksTsL
= f
(
λ′δ2
L
)
, (67)
where f(x) is a function determined by the body shape,
satisfying f(x → 0) → x2. When λ′δ2/L is large, f(x)
transitions to a linear function.
FIG. 4. The scalar integration of pressure
∮
ΠswimdL on an
asymmetric body immersed in ABPs. The dashed line is equa-
tion (66). The symbols are simulation results for N = 40000
particles equilibrated for 3000τR, and the solid lines are Finite
Element solution for up to 104τR to ensure a steady state is
reached. The simulations cover the range `/δ ∈ [0.5, 40], and
the PDE solutions cover the range `/δ ∈ [0.2, 5].
FIG. 5. The net force F net on an asymmetric body immersed
in ABPs. The body shape is shown in (3). The data is col-
lected from the same simulations and PDE solutions as in
Figures 3 and 4. The O(λ′δ2/L)2 and O(λ′δ2/L) asymptotic
lines are for ease of view.
In Figure 3, the different cases for λ′δ2/L → 0 and
λ′δ2/L → 1 are shown. It is clear that in the limit
λ′δ2/L→ 0, our boundary layer solution is valid. In the
other limit the number density n still has a boundary
layer on the microscopic length δ close to the boundary,
but the outer solution nout = const is no longer valid.
There is a clear wake (low density region) close to the
concave portion of the body.
The wake may look contradictory with our previous
argument that a dent increases the number density, but
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in fact the wake is in the outer region, while the argument
about the dent is for the inner region of the boundary
layer. The formation of a wake with ntop < n
∞ can be
explained by a simple geometric argument. When ` ∼ L,
swimmers will ‘pass-by’ the body without reorienting into
the dent; only those swimmers with a proper orientation
q can enter the dent region. Thus the solution nout =
const = n∞ for `  L in the analytical boundary-layer
solution is no longer valid.
More precisely, our argument about the increase of n
at a dent is that in the inner region the ratio nwall/ntop
at a dent is higher than at a flat wall, if ntop andmtop are
the same for the dent and the flat wall. When ` L, we
have ntop = n
∞ and (48) holds. While when ` ∼ L, the
outer solution is no longer a constant and ntop 6= n∞, but
our data shows that a dent still increases nwall/ntop over
the flat wall value 1 + `2/(6δ2), although quantitatively
the leading order solution (48) is no longer applicable.
In sum, for the wake region in the right case in Fig-
ure 3, we have nwall/ntop > 1 + `
2/(6δ2) and ntop < n
∞.
The effect of local curvature is stronger and we still have
nwall/n
∞ > 1 + `2/(6δ2), and therefore we have a net
force to the right.
In the limit λ′δ2/L→ 1, one can still take the integral
of Πwall = nwallζDT over the surface to get the net force,
but it is no longer correct to use the constant outer solu-
tion nout = const = n
∞. In this case the global transport
equations (5) must be solved to get the correct number
density field from which to calculate the force, as we did
in Figure 5 with the PDE solver. Physically, when ` ∼ L,
in a single run-length a swimmer does not sample only
the local geometry, but actually experiences the global
body shape (cf. Figure 6). Therefore, our solution of a
completely localized boundary layer is no longer valid.
V. DISCUSSION & CONCLUSIONS
In this paper we analyzed the kinetic accumulation
boundary layer of ABPs for the general case where δ/L
and `/L are both small, but the ratio δ/` is arbitrary. We
found that a universal scaling emerges with λδ2/L as the
governing parameter, and our analytical solution for the
boundary layer is valid for λδ2/L  1. When λδ2/L is
not small, we showed by simulations and PDE solutions
that the scaling and the boundary layer structure still
holds, but the outer solution nout is no longer a constant
n∞. Also, in the analytical and PDE solutions the mo-
ment expansion is truncated at the polar order, m, level
with an assumption of negligible nematic order, Q = 0.
The solution matches the Brownian simulations well, as
was the case discussed in detail in Yan and Brady [11].
While we discussed only the exterior problem, the
boundary-layer structure and solution is not limited to
this case. It is also applicable to an interior problem
where swimmers are confined in an arbitrary shaped con-
tainer and form a boundary layer on the interior walls.
In many experiments, δ  L and interest is for fast
FIG. 6. The origin of a non zero flux jn,⊥. In the left, curva-
ture is symmetric. On the right, the curvature is asymmetric.
swimmers where ` δ. In the following, we shall discuss
the behavior for ` relative to the macroscopic length L.
The disappearance of a net force at first order in λδ2/L
is due to the fact that the outer solution is constant:
nout = n
∞ = const. Since the outer solution is gov-
erned by Laplace’s equation, the constant solution is de-
termined by the no-flux boundary condition: jn,⊥ = 0.
The vanishing of the normal component of the flux in
the outer regions arises from the continuity of the flux
inside the boundary layer and the no flux condition at
the actual body surface.
In the boundary layer we expanded the solution at the
surface with a geometric constant JS . But JS is only the
mean curvature and it does not take into consideration
any variation of the curvature. The surface has a con-
stant curvature, which means that the local solution is
the same at all points along the surface. Thus, there is no
tangential flux of active particles, and by the continuity
of flux across the boundary layer, there is no flux into or
out of the boundary-layer region.
If we allow the curvature to vary along the surface,
however, then a non-zero tangential flux is possible as
illustrated in Figure 6. By continuity, a normal flux from
the outer region can come into the boundary layer and
flow out tangentially along the surface. A non-zero nor-
mal flux jn,⊥ will give rise to a non-constant outer solu-
tion nout. When the boundary-layer assumption holds,
the variation in curvature appears at second order in the
expansion of the curvilinear operator ∇ˆ∗, as discussed in
the Appendix. The departure of n from a constant outer
solution n∞ thus occurs at second order, at O(λδ2/L)2,
and therefore we observe a second order net force as
shown in (67) and in Figure 5. An analytical theory for
the second order would require all 21 geometric constants
for curvature and curvature variations to be included and
is overly complicated.[19]
A. ` L: F net ∼ O(λδ2/L)2n∞ksTsL2.
When δ  `, λδ2/L ∼ `/L, which corresponds to
the singular limit of no translational Brownian diffusion,
DT = 0, and explains the appearance of the `/L scalings
in literature.[14, 15] However, it is important to note that
in this case the boundary-layer thickness goes to zero
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and one cannot simply put the Smoluchowski equation
into a PDE solver with a finite minimum mesh size lm.
In fact, in this case the number density n behaves as
a Dirac delta function at the boundary and cannot be
properly captured by any finite mesh size. The proper
procedure for zero δ is to split the particles into a surface
layer ‘on the wall’ and a bulk distribution to capture the
number density field.[9] If one blindly chooses some lm,
it is equivalent to specifying a finite microscopic length
δ, which may lead to a spurious constant in front of the
`/L scaling. Also, only the linear leading order correction
dependent on JS can be attached to a constant outer so-
lution. It is not legitimate to attach a numerically fitted
high order inner solution with a leading order constant
outer solution to form the surface integral of the net force.
B. ` ∼ L:
F net ∼ O(λδ2/L)n∞ksTsL2 ∼ O(`/L)n∞ksTsL2
In this case since we assumed δ  L, we have Fnet ∼
O(`/L)nksTsL
2. As shown in Figure 3 there is also a
boundary layer governed by the microscopic length δ,
but on the large scale of L the outer solution shows a
clear advection-like wake structure. In contrast to the
case where `  L, the swimmers explore the variation
in the curvature over the entire body within a single run
and cause the departure of nout from a constant n
∞.
More specifically, in this case only a few swimmers with
preferred orientation q can enter the concave portion of
the macroscopic body, and therefore a long-range orienta-
tion fieldmout = − `6L∇ˆnout appears together with a non
constant nout. The surface integral, (53), for F
net is now∮
noutJSndLˆ and the variation of nout along the surface
gives rise to net force linearly dependent on λδ2/L.
Also in this limit for a regular shaped circle or sphere
the full exact solution[11] shows that the Pade´ form:
Πwall → n∞kBT + n∞ksTs 1
1− 1
2
√
3
`
L (κˆ1 + κˆ2)
, (68)
is the exact analytic solution and works well even when
`/L ∼ 5. The linear expansion of this Pade´ form is the
first order boundary layer solution (51). However, we
cannot write (49) into this Pade´ form and attach it to
the constant outer solution nout = n
∞ to calculate the
force, because the force inherently requires a second order
outer solution.
The difference between the limits ` L and ` ∼ L can
also be appreciated from a continuum mechanics point of
view. We have shown that for swimmers with no orienta-
tional bias or body force on large scales, L  `, contin-
uum mechanics describes the number density flux well[8]
and
jn = −1
ζ
∇ · σact , (69)
where, if the swimmer-swimmer interaction is ignored
(the dilute limit), the active stress is
σact = −nζ (DT +Dswim) I . (70)
In this continuum formulation, any non-continuum ef-
fects are only important in a very thin layer attached to
the body surface, which is the boundary layer considered
in this paper. The continuum mechanical flux (69) is
exactly the outer flux (46). Our non-dimensional scale
factor λδ2/L is the counterpart to the Knudsen num-
ber in rarefied gas dynamics: the ratio of the mean free
path to body size Kn = λMFP /L. When Kn . 0.1
the Navier-Stokes equation is applicable in the bulk, but
with a boundary condition modified by the Knudsen layer
close to a surface. In our solution, Figures 4 and 5, we
also see that the first order boundary-layer solution is
valid when λδ2/L . 0.2. However, when ` ∼ L, the con-
tinuum mechanics transport equation can only be used
in regions far away from the body, and we need to solve
the detailed Smoluchowski equation in the vicinity of the
body. This is similar to the transition regime Kn ≈ 1 in
rarefied gas dynamics where the detailed dynamics must
be considered.
C. General solution: spherical harmonics
The decoupled structure (11) allows us to construct
the general solution for f = ∇ˆ·m by spherical harmonics
(similar in 2D), and then match the boundary conditions
to get the general solution without going into the details
of the curvature expansion. However, in the case where
λδ2/L  1, numerically the series constants are highly
sensitive to numerical errors, and for a body of complex
shape the general solution is of little utility. Here, we
present the general structure for an axisymmetric body
to complete our mathematical discussion.
For a general 3D body axisymmetric about the z-axis:
∇ˆ ·m =
∞∑
l=0
Bl
√
2
piλLr
Kl+ 12 (λLr)Pl(cos θ) , (71)
n = nH + nP
= n∞ +
∞∑
l=0
glr
−(l+1)Pl(cos θ) +
`
δ2λ2L
∇ˆ ·m ,
(72)
m = mH +mP
=
∞∑
l=0
Cl(θ)
√
2
piαr
Kl+ 12 (αr)
+
1
λ2L2
∇ˆ(∇ˆ ·m)− l
6L
∇ˆnH ,
(73)
where Kl+ 12 (z) are cylindrical modified Bessel functions.
For interior problems, Kl+ 12 (z) should be replaced by
Il(z). Pl(x) is the Legendre polynomial and Bl, gl,Cl
are determined by the no-flux boundary condition.
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For a general body in 2D, we can replace the Legendre
polynomials by Fourier modes cos lθ+ sin lθ, and replace
the Kl+ 12 (z) with its integer order version Kl(z), to con-
struct the general solution. The constants should also be
adjusted accordingly.
D. Including hydrodynamics
In this paper we discussed the kinetic limit where the
boundary layer emerges solely due to the run length
` = U0τR and the microscopic length δ =
√
DT τR. We
showed that the interaction is completely determined by
the distribution of swimmers around the body—the dis-
tribution function P (x, q, t).
This is also true for swimmers with full hydrodynamics
in Stokes flow. As shown by the equation (4.19) in Brady
[20], the hydrodynamic force applied on the body is com-
pletely determined by the distribution function pij(r) of
a swimmer j relative to a macroscopic body i, and the
full mobility matrix Mij(r).
In the limit where the excluded volume interaction is
effective on a range much longer than hydrodynamic in-
teractions, the hydrodynamic mobility is simplified to the
isotropic Stokes drag, and the interaction is simplified to
the sum of individual Brownian collisions as discussed in
this paper. When hydrodynamic interactions are impor-
tant, the distribution function pij(r) must be solved to
find the correct interaction and boundary-layer form. We
leave this for a future study.
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VII. APPENDIX: PRINCIPAL CURVATURES
For a curve on a 2D plane, described by a parametrized
curve (x(t), y(t)), the curvature is well-known:
κ = − |x
′y′′ − x′′y′|
(x′2 + y′2)3/2
. (74)
For a smooth surface in 3D space at any point the
planes of two principal curvatures and the tangent plane
are perpendicular to each other.[21] The mean curvature
non-dimensionalized by L is simply determined by the
surface normal vector n:
H =
κˆ1 + κˆ2
2
= −1
2
∇ˆ · n . (75)
The details of how to build a curvilinear coordinate
system and all the expansion of operators can be found
in the Appendix of the work by Edwards et al. [21]. With-
out going to the tedious algebraic details, here we only
include the relevant leading order expansion of the oper-
ators:
∇ˆ∗f = ∂f
∂q⊥
n+O
(
δ
L
)2
, (76a)
∇ˆ∗ · g =− JSg⊥ + ∂g⊥
∂q⊥
+O
(
δ
L
)2
, (76b)
∇ˆ2∗f =− JS
∂f
∂q⊥
+
∂2f
∂q⊥2
+O
(
δ
L
)2
, (76c)
where JS = 2H, g = (0, 0, g⊥), and ∇ˆ∗ is the nabla
operator in the (orthogonal) curvilinear coordinate sys-
tem q1, q2, q⊥, defined on the curved surface shown in
Figure 2. q⊥ follows the direction of the surface normal
vector n. q1 and q2 are on the curved surface and are
located in the two planes associated with the two princi-
pal vectors, respectively. It is clear that to leading order
O(δ/L), there is no need to deal with the gradients in the
q1, q2 directions. The formulation of (76) is consistent
with the work in literature[22, 23] on curved boundary
layers.
The expansion of operator ∇ˆ∗ beyond the leading or-
der relies on a rigorous algebra of the full curvilinear
space. Mathematically, the second order expansion relies
not only on the mean curvature H, but also on the vari-
ations of curvatures. The full expansion may include up
to 21 curvature coefficients,[19] and probably forbids any
analytical work.
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